The performance prediction in communication, jobs processing in computers, etc, are always influenced by the customers behavior and the provision of this additional information will be useful in upgrading the service. Our paper is concerned under a loss and trigger protocol where each customer has a service requirement which may depend on the arrival of a positive or negative customer. In our study we consider customer expulsions and different types of customers displacements taking into account or not its past time of service.
INTRODUCTION
An investigation of discrete-time queueing system is important due to their application to slotted systems such as communication systems and other related areas and therefore it has been found more appropriate than their continuous-time counterpart.
The study of discrete-time queues was initiated by (Meisling 1958; Birdsall et al. 1962; Powell et al. 1967) . Reference works and more detailed applications on discrete-time queueing theory include the monographs (Bruneel and Kim 1993; Takagi 1993) . Further, a detailed treatment regarding this subject can be found in a two-volume book on applied probability (Hunter 1983) .
A rapid increase in the literature on queueing system with negative arrivals are analyzed extensively in continuous-time models but not so much in discrete-time. The arrival of a negative customer to a queueing system causes one ordinary customer to be removed or killed if any is present. The pioneer work on discrete-time considering negative arrivals without retrials can be found in (Atencia and Moreno 2004; Atencia and Moreno 2005) where the authors considered several killing strategies for the negative customers.
For a survey on this topics the authors refer to (Gelenbe and Label 1998) and (Artalejo 2000) , for applications on engineering to (Chao et al. 1999 ) and for application in communication networks we refer to (Harrison et al. 2000) and (Park et al. 2009 ).
In many real problems it is also interesting to consider the movement of jobs, customers, etc., from one place to another. This mechanism is called a synchronized or triggered motion, see for example (Artalejo 2000) and (Gelenbe and Label 1998) and concerning with inverse order discipline we refer to (Pechinkin and Svischeva 2004) , and (Cascone et al. 2011) . For service interruptions with expulsions we refer to (Atencia and Pechinkin 2012) and (Atencia et al. 2013 ).
THE MATHEMATICAL MODEL
We consider a discrete-time queueing system where the time axis is segmented into a sequence of equal time intervals (called slots). It is assumed that all queueing activities (arrivals, departures and retrials) occur at the slot boundaries, and therefore, they may take place at the same time. That is why we must detail the order in which the arrivals and departures occur in case of simultaneity in a discrete-time system. Basically, there are two rules: (i) If an arrival takes precedence over a departure, it is identified with Late Arrival System (LAS) (see Figure 1(a) ); (ii) if a departure takes precedence over an arrival, it is recognized by Early Arrival System (EAS) (see Figure 1(b) ). The former case is also known as Arrival First (AF) policy and the latter as Departure First (DF) policy. For more details on these and related concepts, see (Gravey and Hébuterne 1992) and (Hunter 1983) .
Let us note, that for mathematical convenience, we will follow the second policy, that is the departures occur at the moment immediately before the slot boundaries, Customers arrive according to a geometrical arrival process with rate a, i.e., a is the probability that an arrival occurs in a slot. Service times are independent and identically distributed with general distribution
and generating function (GF)
, the probability that the service lasts not less than k slots. If, upon arrival, the server is idle, the service of the arriving customer begins immediately, otherwise, the arriving customer has several options depending on its nature. That is, with probability θ 0 it will join the last place of the queue and with probability θ 1 expels the customer that is currently in the server and starts immediately its service. With probability θ 2 it becomes a triggered customer moving the customer from the server to the first place at the queue but considering for the future its cumulative service and with probability θ 3 it is moved to the last place of the queue without considering its cumulative service. Finally with probability θ 4 it becomes a negative customer expelling out of the system the customer in service. Obviously it verifies that
Let us note that the customers arriving from outside has priority on others. In order to avoid trivial cases, we assume 0 < a < 1.
THE STEADY STATE PROBABILITIES
Let π 0 be the stationary probability that in the moment immediately after a potential arrival the system is empty and π i,k ; i ≥ 1, k ≥ 1, the stationary probability that there are k customers in the system and that the customer in service has passed exactly i slots of service. Therefore we have
Let us define
It is clear, that π k is the probability that there are k; k ≥ 1, customers in the system. The system (1)-(4) can be transformed, taking into account the previous definitions, in the following equations:
Solving eq. (6) and (7) in k, we obtain
Let us determine π k and Q k for k ≥ 1. In order to have a compact formulae, we denote byŜ(z)
Firstly for k = 1, that is from (10), we obtain:
where q 0,1 can be determined by substituting (11) and (12) into (8) and after some algebra we have
With the same procedure but involving equation (9) we have
where q 0,k can be determined by substituting (12), (13) and (10) into (9) and after some algebra we have
We can summarize the above results in the following:
Theorem 1 The stationary probability π k ; k ≥ 1, that there are k customers in the system is given in the formula (11) or (14). This formula can be determined by q 0,k and Q k from the formulae (13) and (16) or (12) and (15). The stationary probability π i,k ; k ≥ 1, i ≥ 0, that there are k customers in the system and the one in the server has already i slots of service is obtained by formula (5) where q i,k ; k ≥ 1, i ≥ 1, can be determined by formula (10).
It should be pointed out that Theorem 1 entails an algorithm that enables us, in a convenient way, to calculate the stationary probabilities π k and π i,k .
The probability π 0 , included in the obtained formulae, can be calculated under the normalization condition which will be shown in a clear form in the following section. The condition for the existence of the stationary regime will be calculated further on.
GENERATING FUNCTION
In this section we obtain the stationary distribution of the number of customers in terms of its generating functions. For this aim we define the following GF's:
Multiplying (13) and (16) by z k and summing over k we obtain
From eqs. (14)- (17) we have
where q 0 (z) has the following expression:
and
In order to find π 0 we use the following normalization condition
which entails to
Therefore the necessary condition for the stability of the system is
It can be proved that the above condition is also sufficient.
Theorem 2
The following GF's of the number of customers in the system and in the queue are respectively obtained under simple algebraical transformations, that is:
where A(z) = a + aθ 2 + aθ 0 z.
Differentiating the above GF's in the point z = 1, we can obtain the moments for any stationary characteristic of the number of customers in the system and in the queue. Even more, in certain cases, for a determined rational-linear function S(z), Theorem 2 can be used to find directly the stationary distribution of the number of customers in the system and in the queue.
STATIONARY CHARACTERISTICS
In this section we present some performance measures for the system at the stationary regime.
The mean number of customers in the system
In order to find N we differentiate formula (23) in the point z = 1, obtaining
where D(z) it arises from formula (20), that is:
The mean number of customers in the queue In order to find Q we differentiate formula (24) in the point z = 1, obtaining
Loss probability of customers Let us define ω as the loss probability of the pure customers, that is, only the customers that have being expelled by a positive customer and not by a negative customer. In order to find this probability we need to give some previous definitions: Let us define r i as the stationary probability that the system is not empty on condition that the customer that is currently at service has already spent i slots of service. Therefore:
The stationary loss intensity of customers in the system due to negative or positive customers is given by
Therefore we have:
where l pos = a(1 − θ 4 ).
The mean sojourn time of a customer in the system Let T be the mean sojourn time of a positive customer in the system, therefore following Little's formula we have:
The mean sojourn time of a customer in the queue Let S be the mean sojourn time of a positive customer in the queue, therefore following Little's formula we have:
NUMERICAL RESULTS
In this section, we present some numerical examples of the performance measures obtained in the previous section in relation with the most specific parameters of our model. For the numerical examples we have considered the values of the following probabilities θ 0 = 0.2, θ 1 = 0.15, θ 2 = 0.3, θ 3 = 0.05, θ 4 = 0.3 and three different probability distributions for the service time, that is, its GF's are of the following type for 0 < p < 1, q = 1 − p and 0 < α < 1, 0 < p 1 , p 2 < 1,
Let us note that the position of the three graphics are in concordance to its mean service time which is closely related to the performance measures.
In Figure 1 , we show the effect of the probability that the system is empty against the parameter a, for different types of Gf's for the service time distribution.
The effect of these curves is that π 0 decreases as functions of the parameter a. Due to the fact that the parameter has a direct influence on the number of customers in the system, obviously we obtain that the probability that the system is idle decreases. In this case, for each curve the intersections with the abscissas axes correspond to the limiting condition for the stability of our system. In Figure 2 , the mean number of customers in the system, N , is plotted against the parameter a. As it was to be expected, N , is increasing as a function of a which also agrees with the intuitive expectations. As we can observe, all the curves increase asymptotically as they tend to the stability condition of the system. In Figure 3 , The mean number of customers in the queue, Q, is plotted against the parameter a. By the expression (26) we can observe that the graphic looks very similar to the previous one. Although we observe that Q increases as a function of a and asymptotically tends to the stability condition of the system. In Figures 4 and 5 , that is, the mean sojourn time of a customer in the system, T , and in the queue S respectively are plotted against the incoming parameter a. We observe that they have the same upward tendency asymptotically to the stability condition of the system. 
SUMMARY
In the foregoing study, a discrete-time queueing system under a loss and trigger protocol has been analyzed to obtain analytical expressions for various performance measures of interest. It is important to select models that can be efficiently solved and for whose tools and solution methodologies are developed and available. Let us note that our system includes many particular cases that can be applied in several practical situations depending on the different types of displacement. To this end, we have managed not a single technique but a combination of different mathematical tools. In this paper, we establish some important results via two theorems in which theorem 1 enables us to calculate the stationary probabilities of the number of customers in the system without considering and considering the passed service slots. Theorem 2 is concerned with the calculation of the generating functions of the number of customers in the system and in the queue obtaining some important stationary characteristics. We also study the loss probability of customers and the mean sojourn time of a customer in the system and in the queue. Several performance characteristics of the model have been calculated and numerical results are given for different distributions.
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